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The influence of slip on the magnetohydrodynamic (MHD) peristaltic flow in a planar channel
with compliant walls is examined. An incompressible Maxwell fluid saturates the porous medium.
An established solution is valid for small wave number. The mathematical expression of the stream
function is presented. Several interesting flow parameters are sketched and examined.
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1. Introduction

The peristaltic flows in tubes/channels are of
paramount importance in physiological systems. These
include urine transport from kidney to bladder, chyme
motion in the gastrointestinal tract, blood circulation
in small blood vessels, and many others. Besides these
such flows occur in blood pumps in heart lung ma-
chine, in sanitary fluid transport, and transport of
corrosive fluids. The pioneering works on this topic
have been initiated by Latham [1] and Jaffrin and
Shapiro [2]. The peristaltic transport of a Maxwell
fluid in the presence of a Hall current and in a porous
medium has been examined by Hayat et al. [3]. In an-
other investigation, Wang et al. [4] analyzed the slip
effects on the peristaltic flow of a third-grade fluid in
circular cylinder. The heat transfer effects on the peri-
staltic flow of viscous fluid in a channel have been
studied by Radhakrishnamacharya and Srinivasulu [5].
The effect of wall properties on peristaltic transport
of a viscous fluid have been seen by Abd Elnaby and
Haroun [6]. The slip effects on the peristaltic flow of
a third grade fluid in an asymmetric channel are dis-
cussed by Hayat et al. [7]. The heat transfer on the
MHD peristaltic flow filling a porous space is studied
by Kothandapani and Srinivas [8]. The compliant wall
effects on the peristaltic flow of a Johnson-Segalman
fluid in a channel are examined by Hayat et al. [9].
Hayat et al. [10] also performed a study for peristaltic
flow of a Maxwell fluid in an asymmetric channel by
considering the small wave number. Hayat and Hina
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[11] discussed the influence heat and mass transfer on
the MHD peristaltic flow of a Maxwell fluid in a porous
medium for small wave number. Ellahi [12] examined
the effects of slip on the non-Newtonian flow in a chan-
nel. Slip effects on the nonlinear flows of a third-grade
fluid have been discussed by Ellahi et al. [13]. In an-
other paper, Ellahi et al. [14], studied the flow of an
Oldroyd 8-constant fluid subject to slip boundary con-
ditions.

Existing literature shows that the slip effects on
MHD peristaltic transport of a non-Newtonian fluid in
a porous space is not discussed so far. Hence, the main
theme of the present attempt is to discuss the slip ef-
fects on the MHD peristaltic flow of a Maxwell fluid
in a porous space. The slip condition in terms of shear
stress has been accounted. The mathematical formula-
tion of the problem is based upon the modified Darcy
law. The series solution is derived for small wave num-
ber and the salient features of the embedded parame-
ters are pointed out.

2. Formulation of the Problem

We discuss an incompressible Maxwell fluid of den-
sity ρ and kinematic viscosity ν in a planar channel
of width 2d1. An incompressible and electrically con-
ducting fluid is considered. A uniform applied mag-
netic field B0 acts in the y-direction (the x- and y-
axes are chosen along and perpendicular to the channel
walls, respectively). The flow is caused by imposed si-
nusoidal waves on the compliant walls of the channel.
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The wave shapes are described by the following equa-
tion:

y =±η(x, t) =±
[

d1 + asin
2π
λ

(x− ct)
]
, (1)

where c is the wave speed, a and λ are the wave ampli-
tude and wavelength, respectively. The basic equations
governing the flow are

∂u
∂x

+
∂v
∂y

= 0, (2)

ρ
[

∂
∂ t

+ u
∂
∂x

+ v
∂
∂y

]
u =

−∂ p
∂x

+
∂Sxx

∂x
+

∂Sxy

∂y
−σB2

0u+Rx,

(3)

ρ
[

∂
∂ t

+ u
∂
∂x

+ v
∂
∂y

]
v =

−∂ p
∂y

+
∂Sxy

∂x
+

∂Syy

∂y
+Ry,

(4)

and expressions for the components of extra stress ten-
sor are

Sxx+λ1

[
dSxx

dt
− 2

(
Sxx

∂u
∂x

+ Sxy
∂u
∂y

)]
= 2µ

∂u
∂x

, (5)

Syy+λ1

[
dSyy

dt
− 2

(
Sxy

∂v
∂x

+ Syy
∂v
∂y

)]
= 2µ

∂v
∂y

, (6)

Sxy+λ1

[
dSxy

dt
− Sxx

∂v
∂x

− Syy
∂u
∂y

]
= µ

[
∂u
∂y

+
∂v
∂x

]
, (7)

and the boundary conditions are

u±β Sxy = 0 at y =±η , (8)
[
−τ

∂ 3

∂x3 +m
∂ 3

∂x∂ t2 + d
∂ 2

∂ t∂x
+B

∂ 5

∂x5 +H
∂
∂x

]
η

=
∂Sxx

∂x
+

∂Sxy

∂y
−σB2

0u+Rx−ρ
du
dt

at y =±η .
(9)

In the above equations u, v denote velocities in x- and
y-directions, respectively, p denotes the pressure, σ
shows the electrical conductivity of the fluid, β depicts
the slip parameter, K indicates the permeability param-
eter, τ shows the elastic tension in the membrane, m is
the mass per unit area, d is the coefficient of viscous
damping, B is the flexural rigidity of the plate, H is the
spring stiffness, λ1 is the relaxation time, Sxx,Sxy, and
Syy are the components of the extra stress tensor S, and

Rx and Ry are the x- and y-components of the Darcy
resistance R.

In a Maxwell fluid the Darcy resistance R satisfies
the following expression [11]:

(
1+λ1

d
dt

)
R =−µ

k
V. (10)

Invoking ∂/∂y(5)− ∂/∂x(6) we have

ρ
(

1+λ1
d
dt

)
d
dt

[
∂u
∂y

− ∂v
∂x

]
=

−µ
k

[
∂u
∂y

− ∂v
∂x

]
+

(
1+λ1

d
dt

)

·
[

∂
∂y

{
∂Sxx

∂x
+

∂Sxy

∂y
−σB2

0u
}
− ∂

∂x

{
∂Sxy

∂x
+

∂Syy

∂y

}]
.

(11)

Denoting the stream function ψ(x,y, t) by

u =
∂ψ
∂y

, v =−∂ψ
∂x

and using the following dimensionless variables

ψ∗ =
ψ

cd1
, x∗ =

x
λ
, y∗ =

y
d1

, t∗ =
ct
λ
,

η∗ =
η
d1

, p∗ =
d2

1 p
cλ µ

, K =
k

d2 , S∗i j =
dSi j

cµ
,

λ ∗
1 = λ1

c
d1

, β ∗ =
µβ
d1

,

equations (5) – (9) and (11) reduce to the following ex-
pressions:

Sxx +λ1

[
δ
(

∂
∂ t

+ψy
∂
∂x

−ψx
∂
∂y

)
Sxx

−2
(

δSxxψxy + Sxyψyy

)]
= 2δψxy,

(12)

Syy +λ1

[
δ
(

∂
∂ t

+ψy
∂
∂x

−ψx
∂
∂y

)
Syy

+ 2
(

δ 2Sxyψxx + δSyyψxy

)]
=−2δψxy,

(13)

Sxy +λ1

[
δ
(

∂
∂ t

+ψy
∂
∂x

−ψx
∂
∂y

)
Sxy

+

(
δ 2Sxxψxx − Syyψyy

)]
= ψyy − δ 2ψxx,

(14)



1130 T. Hayat et al. · Slip Effects on the MHD Peristaltic Flow of a Maxwell Fluid

Reδ
[

1+ δλ1

(
∂
∂ t

+ψy
∂
∂x

−ψx
∂
∂y

)][(
∂
∂ t

+ψy
∂
∂x

−ψx
∂
∂y

)(
δ 2 ∂ 2ψ

∂x2 +
∂ 2ψ
∂y2

)]
=− 1

K
(ψyy + δ 2ψxx)

+

[
1+ δλ1

(
∂
∂ t

+ψy
∂
∂x

−ψx
∂
∂y

)][(
∂ 2

∂y2 − δ 2 ∂ 2

∂x2

)

·Sxy −M2ψyy + δ
∂ 2

∂x∂y
(Sxx − Syy)

]
, (15)

[
1+ δλ1

(
∂
∂ t

+ψy
∂
∂x

−ψx
∂
∂y

)][
E1

∂ 3

∂x3

+E2
∂ 3

∂x∂ t2 +E3
∂ 2

∂ t∂x
+E4

∂ 5

∂x5 +E5
∂
∂x

]
η =

[
1+ δλ1

(
∂
∂ t

+ψy
∂
∂x

−ψx
∂
∂y

)][
δ

∂Sxx

∂x
+

∂Sxy

∂y

−M2ψy −Reδ
(

∂
∂ t

+ψy
∂
∂x

−ψx
∂
∂y

)
ψy

]
− 1

K
ψy

at y =±η , (16)

ψy ±β Sxy = 0
at y =±η =±(1+ ε sin2π(x− t)).

(17)

Note that the continuity equation (2) is automati-
cally satisfied, ε (= a/d1), δ (= d1/λ ) are geomet-
ric parameters, Re (= cd1/υ) is the Reynolds num-
ber, M =

√
σ
µ B0d1 is the Hartman number, and E1

(=−τd3
1/λ 3µc), E2 (=mcd3

1/λ 3µ), E3 (= dd3
1/λ 2µ),

E4 (= Bd3
1/λ 3cµ), E5 (= Hd3

1/λ cµ) are the non-
dimensional elasticity parameters.

3. Solution Procedure

In order to develop the series solution, we expand
ψ , Sxx, Sxy, Syy about δ [5, 10, 11]:

ψ = ψ0 + δψ1 + δ 2ψ2 + . . . , (18)

Sxx = S0xx + δS1xx + δ 2S2xx + . . . , (19)

Sxy = S0xy + δS1xy + δ 2S2xy + . . . , (20)

Syy = S0yy + δS1yy + δ 2S2yy + . . . . (21)

3.1. Zeroth-Order System

Upon making use of (18) – (21) into (12) – (17) and
choosing the coefficients of δ 0, we have

S0xx − 2λ1S0xyψ0yy = 0, (22)

S0xy −λ1S0yyψ0yy = ψ0yy, (23)

S0yy = 0, (24)

∂ 2S0xy

∂y2 −N2ψ0yy = 0, (25)

ψ0y ±β ψ0yy = 0 at y =±η , (26)
[

E1
∂ 3

∂x3 +E2
∂ 3

∂x∂ t2 +E3
∂ 2

∂ t∂x
+E4

∂ 5

∂x5 +E5
∂
∂x

]
η

=
∂S0xy

∂y
−N2ψ0y at y =±η . (27)

Through (22) – (27), the solution is of the form

ψ0 = L
(

sinhNy
Nγ

− y
)
. (28)

3.2. First-Order System

The coefficients of O(δ ) give

S1xx +λ1

[(
∂
∂ t

+ψ0y
∂
∂x

−ψ0x
∂
∂y

)
S0xx

−2(ψ0xyS0xx +ψ1yyS0xy +ψ0yyS1xy)

]
= 2ψ0xy,

(29)

S1xy +λ1

[(
∂
∂ t

+ψ0y
∂
∂x

−ψ0x
∂
∂y

)
S0xy

−(ψ1yyS0yy +ψ0yyS1yy)

]
= ψ1yy,

(30)

S1yy +λ1

[(
∂
∂ t

+ψ0y
∂
∂x

−ψ0x
∂
∂y

)
S0yy

+ 2ψ0xyS0yy

]
=−2ψ0xy,

(31)

Re
(

∂
∂ t

+ψ0y
∂
∂x

−ψ0x
∂
∂y

)
ψ0yy = λ1

(
∂
∂ t

+ψ0y
∂
∂x

−ψ0x
∂
∂y

)(
∂ 2S0xy

∂y2 −M2ψ0yy

)
+

∂ 2

∂x∂y
(S0xx − S0yy)

−N2ψ1yy +
∂ 2S1xy

∂y2 , (32)

ψ1y ±β
[

ψ1yy −λ1

(
∂
∂ t

+ψ0y
∂
∂x

−ψ0x
∂
∂y

)
ψ0yy

−2λ1ψ0yyψ0xy

]
= 0 at y =±η ,

(33)



T. Hayat et al. · Slip Effects on the MHD Peristaltic Flow of a Maxwell Fluid 1131

λ1

(
∂
∂ t

+ψ0y
∂
∂x

−ψ0x
∂
∂y

)[
E1

∂ 3

∂x3 +E2
∂ 3

∂x∂ t2

+E3
∂ 2

∂x∂ t
+E4

∂ 5

∂x5 +E5
∂
∂x

]
η =

[
∂S0xx

∂x
+

∂S1xy

∂y

+

(
∂
∂ t

+ψ0y
∂
∂x

−ψ0x
∂
∂y

)(
λ1

∂S0xy

∂y

−(λ1M2 +Re)ψ0y

)
−N2ψ1y

]
at y =±η .

(34)

Substituting the zeroth-order solution into the first-
order system and then solving the resulting systems,
we obtain

ψ1 = A2y+A4 sinhNy+L2ycoshNy

+L3y2 sinhNy,
(35)

in which

L =
8επ3

N2

[
E3

2π
sin2π(x− t)

−
(

E1 +E2 − 4π2E4 − E5

4π2

)
cos2π(x− t)

]
,

N =

√
M2 +

1
K
,

L1 =
NLt

γ
− ηtN2L

(
sinhNη +β N coshNη

)
γ2 ,

γ = (coshNη +β N sinhNη) ,

L2 =

(
Re+λ1M2)

2N2

{
L1 (1+L)

N
+

5LLt

2γ

}
,

L3 =

(
Re+λ1M2)LLt

4Nγ
,

A0 =
L
(
LtN2 coshNη −L1N

)
γ

,

A1 = (1+L)
(

L1 coshNη
N

−Lt

)

+
L
γ

{
Lt (coshNη −ηN sinhNη)− L1

N

}
,

A2 =
1

N2

{
2L2N2 coshNη +L3

{
4N2η sinhNη

+ 6N coshNη
}−λ1N2Lt

(
1+L− LcoshNη

γ

)

−λ1A0 −
(
Re+λ1M2)A1

}
,

A3 =

{
L1 (1+L)+

2NL
γ

(
Lt − L1 coshNη

N

)}
sinhNη

− N2LLtη
γ

coshNη ,

A4 =
1

Nγ

{
−A2 +β λ1A3 +(β NL2 −ηL3)

(
2sinhNη

+Nη coshNη
)
(4β L3ηN −L2)coshNη

+
[
β L3

(
η2N2 + 2

)−L2ηN
]

sinhNη
}
,

and subscripts denote the partial derivatives.

4. Discussion

The purpose of this section is to predict the vari-
ation of emerging parameters on the axial velocity
u = u0 + δu1 = ψ0y + δψ1y and the stream function
ψ . In particular, the variation of permeability parame-
ter K, the Hartman number M, the elastic tension, i. e.,
E1 the elastic tension in the membrane, E2 the mass per
unit area, E3 the coefficient of viscous damping, E4 the
flexural rigidity of the plate, E5 the spring stiffness, the
wave number δ , the relaxation parameter λ1, Reynolds
number Re, and slip parameter β are examined. Fig-
ure 1 depicts the behaviour of parameters involved in
the axial velocity. It is obvious from Figure 1a that the
velocity increases when K increases. Figure 1b shows
that u decreases by increasing M. By Figures 1c – f, we

(a)

(b)
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(c)

(d)

(e)

(f)

(a)

Fig. 1. (a) Variation of K on u when E1 = 1; E2 = 0.2; E3 =
0.5; E4 = 0.01; E5 = 0.01; ε = 0.2; M = 2; x = 0.3; t = 0.1;
Re = 0.01; δ = 0.01; λ1 = 0.01; β = 0.01. (b) Variation
of M on u when E1 = 1; E2 = 0.2; E3 = 0.5; E4 = 0.01; E5 =
0.01; ε = 0.2; K = 2; x = 0.3; t = 0.1; Re = 0.01; δ = 0.01;
λ1 = 0.01; β = 0.01. (c) Variation of λ1 when E1 = 1;
E2 = 0.2; E3 = 0.5; E4 = 0.01; E5 = 0.01; ε = 0.2; K = 2;
M = 2; x = 0.3; t = 0.1; Re = 0.01; δ = 0.01; β = 0.01.
(d) Variation of Re when E1 = 1; E2 = 0.2; E3 = 0.5; E4 =
0.01; E5 = 0.01; ε = 0.2; K = 2; M = 2; x = 0.3; t = 0.1;
δ = 0.01; λ1 = 0.01; β = 0.01. (e) Variation of δ when
E1 = 1; E2 = 0.2; E3 = 0.5; E4 = 0.01; E5 = 0.01; ε = 0.2;
K = 2; M = 2; x = 0.3; t = 0.1; Re = 0.01; λ1 = 0.01; β =
0.01. (f) Variation of β when E1 = 1; E2 = 0.2; E3 =
0.5; E4 = 0.01; E5 = 0.01; ε = 0.2; K = 2; M = 2; x = 0.3;
t = 0.1; Re = 0.01; δ = 0.01; λ1 = 0.01. (g) Variation
of compliant wall parameters when K = 2; ε = 0.2; M = 2;
x = 0.3; t = 0.1; Re = 0.01; δ = 0.01; λ1 = 0.01; β = 0.01.

note that the velocity increases when there is an in-
crease of the relaxation parameter λ1, Reynolds num-
ber Re, δ , and the slip parameter β . The compliant
wall effects E1, E2, E3, E4, and E5 on the velocity are
sketched in Figure 1g. It is shown that the velocity in-
creases with an increase of E1 and E2. The velocity
decreases for an increase in E3, E4, and E5.

The formulation of an internally circulating bolus of
the fluid by closed streamlines is called trapping. Fig-
ures 2 – 7 aim to examine the trapped bolus. Figure 2
shows the variation of the permeability parameter K
on the streamlines. Here the size of trapped bolus in-
creases with an increase in K. The trapped bolus de-
creases when M increases (Fig. 3). Figure 4 shows the
behaviour of λ1. It depicts that the size of the bolus in-
creases with an increase in λ1. The size of the trapped
bolus increases with the increase of δ (Fig. 5). Fig-
ure 6 indicates that there is a very small increase in the
size of the trapped bolus when β increases but there
is no such effect appearing for the Reynolds number.
We analyzed in Figure 7 that the size of the trapped
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(a)

(b)

(c)

Fig. 2. Streamlines for E1 = 0.2; E2 = 0.4; E3 = 0.2; E4 =
0.01; E5 = 1; ε = 0.2; M = 2; δ = 0.01; t = 1; Re = 0.01;
λ1 = 0.01; β = 0.01; (a) K = 0.2; (b) K = 0.5; (c) K = 0.8.

(a)

(b)

(c)

Fig. 3. Streamlines for E1 = 0.2; E2 = 0.4; E3 = 0.2; E4 =
0.01; E5 = 1; ε = 0.2; K = 0.2; t = 1; δ = 0.01; Re = 0.01;
λ1 = 0.01; β = 0.01; (a) M = 0; (b) M = 1.5; (c) M = 3.
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(a)

(b)

(c)

Fig. 4. Streamlines for E1 = 0.2; E2 = 0.4; E3 = 0.2; E4 =
0.01; E5 = 1; ε = 0.2; M = 2; K = 0.2; t = 1; Re = 0.01;
δ = 0.01; β = 0.01; (a) λ1 = 0; (b) λ1 = 0.5; (c) λ1 = 1.

(a)

(b)

(c)

Fig. 5. Streamlines for E1 = 0.2; E2 = 0.4; E3 = 0.2; E4 =
0.01; E5 = 1; ε = 0.2; M = 2; K = 0.2; t = 1; Re = 0.01;
λ1 = 0.01; β = 0.01; (a) δ = 0; (b) δ = 0.3; (c) δ = 0.6.
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(a)

(b)

(c)

Fig. 6. Streamlines for E1 = 0.2; E2 = 0.4; E3 = 0.2; E4 =
0.01; E5 = 1; M = 2; K = 0.04; ε = 0.2; t = 1; Re = 0.01;
δ = 0.01; λ1 = 0.01; (a) β = 0; (b) β = 1; (c) β = 2.

bolus increases by increasing E1, E2, E3 and decreases
by increasing E4 and E5.

5. Conclusions

In this study, the slip effects on the MHD flow of a
Maxwell fluid are discussed. The main points of pre-
sented analysis are as follows.

• By increasing K, E1, E2, β , δ , Re, and λ1, the
axial velocity increases.

• The velocity decreases when M, E3, E4, and E5
are increased.

• The role of K and M on the size of the trapped
bolus are opposite. The size of trapped bolus increases
by increasing K and β .

• The trapped bolus is found insensitive with re-
spect to Re.

• The size of trapped bolus increases by increasing
E1, E2, E3, λ1, and δ . It decreases when E4and E5 are
increased.
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(a)

(b)

(c)

(d)
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Fig. 7. Streamlines for ε = 0.2; M = 2; K = 0.2; t = 1; Re = 0.01; δ = 0.01; λ1 = 0.01; β = 0.01; (a) E1 = 0.2; E2 = 0.4;
E3 = 0.2; E4 = 0.01; E5 = 1; (b) E1 = 0.4; E2 = 0.4; E3 = 0.2; E4 = 0.01; E5 = 1; (c) E1 = 0.2; E2 = 0.5; E3 = 0.2;
E4 = 0.01; E5 = 1; (d) E1 = 0.2; E2 = 0.4; E3 = 0.3; E4 = 0.01; E5 = 1; (e) E1 = 0.2; E2 = 0.4; E3 = 0.2; E4 = 0.02; E5 = 1;
(f) E1 = 0.2; E2 = 0.4; E3 = 0.2; E4 = 0.01; E5 = 1.5.


